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Abstract
Hakimi and Schmeichel determined a sharp lower bound for the number of cycles of length
4 in a maximal planar graph with n vertices, n ≥ 5. It has been shown that the bound is sharp
for n = 5, 12 and n ≥ 14 vertices. However, it was only conjectured by the authors about the
minimum number of cycles of length 4 for maximal planar graphs with the remaining small
vertex numbers. In this note we confirm their conjecture.
1 Introduction
For a maximal planar graph G, denote C4(G) to be the number of 4-cycles in the graph. Hakimi
and Schmeichel [2] obtained a lower bound for C4(G) when the number of vertices is n ≥ 5. It
has been shown that for any maximal planar graph G on n vertices, with n = 5, 12 or n ≥ 14,
C4(G) ≥ 3n− 6. Indeed, if n = 5, there is only a unique graph and the number of 4-cycles is 9. For
n ≥ 12 and n 6= 13, it is shown in [1] that, there is a 5-connected maximal planar graph with the
indicated number of vertices. Since after deleting an edge in a maximal planar graph we obtain a
face bounded by a 4-cycle, and each edge represents a unique face (the only case where two edges
represent the same face is when G = K4), and so C4(G) ≥ 3n − 6. Now if there is any other cycle
of length 4 in the graph, then it should be a 4-vertex cut set. However, there is no 4-vertex cut set
as the graph is 5-connected. Therefore, the bound is sharp.
For maximal planar graphs G with n vertices, n = 4 or 6 ≤ n ≤ 11 or n = 13, in [2], the authors
indicated their conjecture about the minimum number of 4-cycles in the graph. In this note we
confirm their conjecture for each such value of n.
2 Notations and Results
For a graph G, we use the notations V (G) and E(G) to denote the set of vertices and edges of G
respectively. Moreover, the number of edges in G is also denoted by e(G). Let v ∈ V (G), then
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we use the notation dG(v) to denote its degree and N(v) to denote neighbourhood of v, the set of
vertices adjacent to v.
Notice that, if G is a maximal planar graph and v ∈ V (G) with dG(v) = k, then N(v) induces a
cycle of length k (which is also unique). For simplicity, we use the term k-cycle for a cycle of length
k, and by Ck(G) we mean the number of k-cycles in G. Also note that, for a maximal planar graph
of at least four vertices, the minimum degree is at least 3 and at most 5. Moreover, the minimum
number of vertices required to have a maximal planar graph having minimum degree 5 is at least
12.
Definition 1. Define g(n,C4) to be the minimum number of 4-cycles in a maximal planar graph
of n vertices. That means,
g(n,C4) := min{C4(G)| G is an n-vertex maximal planar graph }.
Thus from the result of Hakimi and Schmeichel, for n = 5, n ≥ 12 and n 6= 13, g(n,C4) = 3n−6.
In this note, we determined the exact value of g(n,C4) for n ∈ {4, 6, 8, 9, 10, 11, 13}. The following
theorem gives the values.
Theorem 2.
g(n,C4) =


3, if n = 4;
15, if n = 6;
20, if n = 7;
23, if n = 8;
24, if n = 9;
26, if n = 10;
29, if n = 11;
34, if n = 13;
3n− 6, if otherwise.
Before the proof of the theorem, we need three easy lemmas without proof.
Lemma 3. Let G be a maximal plane graph on n vertices, n ≥ 4. If maximum degree of the graph
is n− 1, then there is a vertex of degree 3 in G.
Lemma 4. Let G be a maximal plane graph on n vertices, n ≥ 6, and suppose that there is a
vertex, say v, of degree n− 2. If the cycle C induced by N(v) has a chord, then there is a vertex of
degree 3 in G.
Lemma 5. Let G be a maximal plane graph with n vertices, n ≥ 7. If dG(v1) = dG(v2) = 4 for
v1, v2 ∈ V (G), then N(v1) and N(v2) induce different cycles of length 4.
3 Proof of Theorem 2
Since there is only one maximal planar graph with 4 vertices, it can easily be checked that the
number of 4-cycles in the graph is exactly 3. Thus, g(4, C4) = 3. Now we prove the other cases.
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Claim 1. g(6, C4) = 15.
It is well known that there are only two maximal plane graphs with 6 vertices. The graphs with
their respective number of 4-cycles are shown in Figure 1.
C4(G) = 15 C4(G) = 16
Figure 1: The maximal plane graphs with 6 vertices.
Claim 2. g(7, C4) = 20.
Let G be a maximal plane graph on 7 vertices. If there is a vertex of degree 3, say v, then G−v is
a maximal plane graph on 6 vertices. By Claim 1, C4(G−v) ≥ 15. However, the number of 4-cycles
in G containing v, denoted as C4(G, v), is at least 6. Thus, C4(G) = C4(G− v) + C4(G, v) ≥ 21.
There are just 5 maximal plane graphs with 7 vertices, and just one has minimum degree 4,
which is the graph shown in Figure 2, the number of 4-cycles in this graph is 20.
C4(G) = 20
Figure 2: The only maximal planar graph on 7 vertices with minimum degree 4.
Claim 3. g(8, C4) = 23.
Let G be a maximal plane graph with 8 vertices. If there is a vertex of degree 3, then deleting
the vertex we get a maximal planar graph with 7 vertices, where the number of 4-cycles in the
graph is at least 20 by Claim 2. Moreover, since we have at least 6 4-cycles containing the vertex,
in this case the number of 4-cycles in G is at least 26.
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Suppose that the minimum degree of the graph is 4. If there is a vertex of degree 7 in G, then
by Lemma 3, there is a vertex of degree 3 in G as well, which is a contradiction. Let G has a
vertex, say v, of degree 6. Then we have a vertex, say u, which is inside a region bounded by the
the induced 6-cycle of N(v) not containing v. If the induced cycle is chordal, then by Lemma 4,
there is a vertex of degree 3. If the cycle is not chordal, then u should be incident with all of the
vertices of the cycle. Thus, all of the vertices of the cycle are of degree 4. Therefore, using Lemma
5, we have at least 6 separating 4-cycles. Therefore, C4(G) ≥ (3n − 6) + 6 = 24.
The remaining case is when 4 ≤ d(v) ≤ 5, ∀v ∈ V (G). Let v be a vertex of degree 5. Then
there are 2 vertices inside the region (not containing v) bounded by the 5-cycle induced by N(v).
Each of the two vertices should be incident with at least three vertices of the cycle. Otherwise, one
of the two vertices is with degree 3. If the two vertices are adjacent, then there is only one graph
of this kind having no vertex of degree 3 (see Figure 3). The number of 4-cycles in the graph is 23.
If the two vertices are not adjacent, then it can be checked that one of the two vertices is of degree
3. Therefore we have, g(8, C4) = 23.
C4(G) = 23
Figure 3: Maximal planar graph with 8 vertices containing a degree 5 vertex and no vertex of
degree 3.
Claim 4. g(9, C4) = 24.
Let G be a maximal plane graph with 9 vertices. If there is a vertex of degree 3, then deleting
the vertex we have a maximal plane graph with 8 vertices and having at least 23 4-cycles by Claim
3. But the number of 4-cycles containing the vertex is at least 6. Thus the number of 4-cycles is
the graph is at least 29.
Suppose that G contains no vertex of degree 3. If there is a vertex of degree 8, then by Lemma
3, there is a vertex of degree 3 in the graph. Let G has a vertex of degree 7, say v. Then there
is a vertex, say u, in the region bounded by the 7-cycle induced by N(v) and not containing v. If
the cycle is chordal, then by Lemma 4, there is a vertex of degree 3 in the graph. Therefore, u
must be incident to all vertices in N(v). Since there are 7 degree 4 vertices, then we have at least
7 separating 4-cycles. Thus, C4(G) ≥ (3n − 6) + 7 = 28.
Let 4 ≤ d(v) ≤ 6, ∀v ∈ V (G). We claim that G has at least 3 vertices of degree 4. Indeed, let n4,
n5 and n6 be the number vertices of degree 4, 5 and 6 respectively. Then n4+n5+n6 = 9. Moreover,
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from the property that
∑
v∈V (G)
d(v) = 2e(G) and e(G) = 3n − 6, we have 4n4 + 5n5 + 6n6 = 42.
So, solving the two equations simultaneously, we get n6 = n4 − 3. Therefore, G contains at
least 3 vertices of degree 4. In other words, G has at least 3 distinct separating 4-cycles. Thus
C4(G) ≥ (3n − 6) + 3 = 24. From the example given in Figure 4 (which is also mentioned in [2])
and considering all the results we obtained, we have g(9, C4) = 24.
C4(G) = 24
Figure 4: Maximal planar graph with 9 vertices and with the least number of 4-cycles.
Claim 5. g(10, C4) = 26.
Let G be a maximal plane graph with 10 vertices. If there is a vertex of degree 3, then deleting
the vertex we have a maximal plane graph with 9 vertices where it has at least 24 4-cycles by Claim
4. Therefore, C4(G) ≥ g(9, C4) + 6 = 30. Thus C4(G) ≥ 30.
Suppose that δ(G) ≥ 4. If there is a vertex of degree 9, then by Lemma 3, G contains a degree
3 vertex. If there is a vertex of degree 8, say v, then considering the 8-cycle induced by N(v), we
have a vertex, say u, inside of the region induced by the cycle and not containing v. If the cycle
is chordal, then by Lemma 4, there is a vertex of degree 3 in the graph. Otherwise, u is adjacent
to every vertex in N(v). This implies that each of the 8 vertices of the cycle is of degree 4. Thus,
G has at least 8 separating 4-cycles. Therefore C4(G) ≥ (3n − 6) + 8 = 32. If there is a vertex
of degree 7, say v, then considering the 7-cycle induced by N(v), there will be two vertices which
lie in the region bounded by the 7-cycle not containing v. Each of the vertex should be adjacent
to 3 vertices of the cycle. Otherwise, there exist a vertex of degree 3. Thus, there exist at least
two vertices of degree 4 on the graph. This implies, we have at least 2 separating 4-cycles. Thus
C4(G) ≥ 26.
Now for the remaining cases, 4 ≤ d(v) ≤ 6 ∀v ∈ V (G), we show that there are at least 2 vertices
of degree 4. Let n4, n5 and n6 be number of vertices of degree 4, 5 and 6 respectively. Then
n4 + n5 + n6 = 10 and from the property that
∑
v∈V (G)
d(v) = 2e(G) and e(G) = 3n− 6 and n = 10,
we have 4n4 + 5n5 + 6n6 = 48. Equating the two equations simultaneously we get, n6 = n4 − 2.
Thus, the graph contains at least two degree 4 vertices. Therefore, C4(G) ≥ 26. This value is
sharp, due to the graph in Figure 5 (also mentioned in [2]).
Considering all the results we obtained, we have g(10, C4) = 26.
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C4(G) = 26
Figure 5: Maximal planar graph with 10 vertices and with the least number of 4-cycles.
Claim 6. g(11, C4) = 29.
Let G be a maximal plane graph on 11 vertices. If there is a vertex of degree 3 in the graph,
then from the fact that g(10, C4) = 26, C4(G) ≥ g(10, C4) + 6 ≥ 32.
Suppose that δ(G) ≥ 4. If there is a vertex of degree of degree 10, for the same reasoning given
as before, it can be seen that the graph contains a vertex of degree 3. If there is a vertex of degree
9 in the graph, then following similar argument given as before, it can be seen that either there is a
vertex of degree 3 or C4(G) ≥ 36. If there is a vertex of degree 8, say v, then there are two vertices
which lie in a region bounded by the 8-cycle (induced by N(v)) not containing v. The vertices are
adjacent to at least 3 vertices of the cycle. Otherwise, it is easy to find a vertex of degree 3. Since
the vertices are adjacent to at least 3 vertices of the cycle, then there are two vertices of degree
4 or there is a vertex of degree 3. Thus, there will be at least 2 separating 4-cycles. Therefore,
C4(G) ≥ 29.
Suppose 4 ≤ d(v) ≤ 7, ∀v ∈ V (G). If there is a vertex of degree 7, then we claim that there
is at least 3 vertices with degree 4. Indeed, let n4, n5, n6 and n7 be the number of vertices of
the graph with degrees 4, 5, 6 and 7 respectively. Since the number of the vertices is 11, then
n4 + n5 + n6 + n7 = 11. Moreover, from the property that
∑
v∈V (G)
d(v) = 2e(G) and e(G) = 3n− 6
and n = 11, we have 4n4 + 5n5 + 6n6 + 7n7 = 54. So equating the two equations simultaneously
we get, n6 + 2n7 = n4 − 1. Since, n7 > 0 and n6 ≥ 0, then n4 ≥ 3. That means, there is at least 3
separating 4-cycles. Thus, C4(G) ≥ 30.
Now for the remaining cases, 4 ≤ d(v) ≤ 6, ∀v ∈ V (G), we claim that there are at least 2
degree 4 vertices. To see this, suppose that there is at most one degree 4 vertex. The remaining
vertices are of degree 5 and 6. Let n4, n5 and n6 be the number of vertices of degree 4, 5 and
6 respectively. Then n4 + n5 + n6 = 11. Moreover, from
∑
v∈V (g)
d(v) = 2e(G) and the fact that
e(G) = 3n − 6 for n = 11, we have 4n4 + 5n5 + 6n6 = 54. Thus, we obtain n6 = n4 − 1. Thus, if
n4 = 0, it results a contradiction. If n4 = 1, then n6 = 0 and the remaining vertices are of degree
5. Let e be an edge in G with one of its end vertex the degree 4 vertex, say v. Let y be the other
end vertex of the edge. Let two vertices x1, x2 ∈ N(v) ∩N(y) such that vx1y and vx2y are faces.
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Let the remaining vertex in G which is incident to v be z. Here both x1 and x2 are incident to z.
Otherwise degree of v is more than 4. Consider the vertices in G incident to y be y1, y2 such that
N(y) = {v, x1x, x2, y1, y2} and the 5-cycle induced by N(y) is vx1y1y2x2v as shown on the Figure
6. We claim that both y1 and y2 are not incident to the vertex z. Indeed, suppose z is adjacent
v
y1
y2
z1
z2
z y
x2
x1
Figure 6: Constructing a maximal planar graph on 11 vertices and with only one vertex of degree
4 and all the remaining vertices of degree 5.
to y1. Consider the triangular region bounded zx1y1 not containing v. If this region contains no
vertex, then d(x1) = 4, which is a contradiction as v is the only vertex in G with degree 4. If the
region contains one vertex, then that vertex is of degree 3, which is again a contradiction. If it
contains a more than two vertices, then one of the three vertices, z, x1 or y1, becomes with degree
at least 6, which is again a contradiction. Let z1 and z2 be the two vertices in G adjacent to z such
that N(z) = {v, x1, x2, z1, z2} and the 5-cycle induced by N(z) is vx1z1z2x2v as shown in Figure
6. Since d(x1) = d(x2) = 5, then z1y1 and z2y2 are in E(G). Since y1z1z2y2y1 is a separating cycle
containing two vertices outside and their degree must be 5, each of them should be adjacent to all
the four vertices of the cycle. This implies degrees of the vertices on the cycle are more than 5,
which is a contradiction.
Therefore, there are at least 2 vertices of degree 4. Hence C4(G) ≥ 29. So with graph given in
Figure 7 (also mentioned in the paper [2]), we conclude g(11, C4) = 29.
C4(G) = 29
Figure 7: Maximal planar graph with 11 vertices and with the least number of 4-cycles.
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Claim 7. g(13, C4) = 34.
Let G be a maximal planar graph on n = 13 vertices. Then from the property that every edge
contributes one 4-cycle, then C4(G) ≥ 3n−6 = 33. Since there is a no 5-connected maximal planar
graph, then there is a either a separating 4-cycle or separating 3-cycle. If there is a separating 4-
cycle, then C4(G) ≥ 34. Suppose there is no separating 4-cycle. Then there is a separating 3-cycle.
Let T be a separating 3-cycle with vertices x1, x2 and x3. Then one of the two regions contains
at least two vertices. Without loss of generality, assume that the interior of the triangle contains
two vertices and let z ∈ N(x1) ∩N(x2) which is in the interior of the triangle and x1zx2 is a face.
Now consider the 4-cycle defined by x1zx2x3x1 which is clearly a separating 4-cycle. Therefore
C4(G) ≥ 34. But due to the the example given in Figure 8, g(13, C3) = 34.
C4(G) = 34
Figure 8: Maximal planar graph with 13 vertices and with the least number of 4-cycles.
References
[1] S. L. Hakimi and E. F. Schmeichel, On the connectivity of maximal planar graphs. J. Graph
Theory 2 (1978) 307-314.
[2] S. Hakimi, E.F. Schmeichel. On the Number of Cycles of Length k in a Maximal Planar Graph.
J. Graph Theory 3 (1979): 69–86.
8
